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ABSTRACT

This investigation is concerned with the nonlinear convolution equation
u(x) - (goeu)*k(x) = 0 on the real line R . The kernel k is nonnegative and
integrable on R, with ]ik(x)dx = 1; the function g is real-valued and con-
tinuous on R, g(0) = 0, and there exists a p > 0 such that g(x) > x for
x ¢ (0,p) and g(p) = p. Sufficient conditions are given for the non-exis-—
tence of bounded nontrivial solutions. Implications for the solution of |
the inhomogeneous equation u(x) - (gou)*k(x) = f(x), x ¢ R, are discussed.
Finally, uniqueness (modulo translation) is shown to hold. The results are

applied to a problem of mathematical epidemiology.
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’RODUCTION

Jertain deterministic models for the spatial spread of an epidemic or
rantageous gene among a population along a line can be analyzed in

of the nonlinear convolution equation
u(x) = (geu)*k(x) xe R,
gou 1s the composite of g and u, gou(x) = g(u(x)), and * denotes con-

con, ¢*xP(x) = GR¢(X‘Y)¢(Y)dY- In the epidemic model, g typically has
rm g(x) = a(l-eﬁx), o some constant (o>1), cf. DIEKMANN [6], while

» genetic model g is given by g(x) = [ax2+6x(l—x)]/[ax2+28x(1—x)+
:)2], a, B, and y positive constants, cf. WEINBERGER [16]. In both
, k is a nonnegative function, normalized such that 4Rk(x)dx = 1.

Jle consider eq. (1.1) under the following hypotheses:

g: R » R is continuous; g(0) = 0; there exists a p > 0 such that

g(x) > x for 0 < x < p and g(p) = p.
k: R > R is nonnegative; k ¢ LI(I{) with GRk(x)dx = 1; GRIX!k(X)dX< o,

:r hypotheses on g and k will be introduced as needed.
iquation (1.1) has at least two constant solutions, viz., ugt x P 0
: x+» p. These we call trivial solutions. By a nontrivial solution of

)
we mean a Lebesgue measurable function u: R - R which satisfies (1.1)
1e inequalities 0 < u(x) < p for almost all x ¢ R and which is not a

11 solution. We are interested in nontrivial solutions of (1.1) and

> solution of the corresponding inhomogeneous equation
u(x) = (gou) * k(x) + £(x) xe R,

f is a given nonnegative function.

[n section 2 we establish various general properties of the solﬁtions
1ation (1.1). In Sections 3 and 4 we prove some non-existence results,
we establish conditions on g and k under which one can prove that

juation (1.1) does not have a nontrivial solution. These results are




omplementary to some earlier results of WEINBERGER [16] and of one of the
uthors [6] concerning the existence of nontrivial solutions of (1.1). As
e will show, the existence or non-existence of such solutions hinges upon
he distribution of the mass of the kernel k. Formally, this is determined
y the existence or non-existence of real zeros of the function
» 1 - g"(0)K(A)(AeR ), where K is the two-sided Laplace transform of k.
he problem has some Tauberian aspects and part of our arguments are based
n Pitt's form of Wiener's general Tauberian theorem. This approach is re-
ated to the use of Tauberian methods in the study of linear convolution
juations by KARLIN [9] and ESSEN [7], cf. [14, Chapter 9].

In Section 5 we study the inhomogeneous equation (1.2). In Section 6
2 turn our attention to the case when a nontrivial solution of (1.1) exists
ad investigate the question of its uniqueness (modulo translation, as eq.
1.1) is translation invariant). Here, our method of proof forces us to im-
>se further conditions on g and k.

In the final Section 7 we apply our results to a problem in mathema-
ical epidemiology, viz., the traveling wave problem for the Kermack-
:Kendrick-Kendall model for the spatial spread of an epidemic, cf. [1],

2], [31, [4], [e] (101, [11], [121.

JTATION. WN_ denotes the set of all positive integers; R, = {x e R: x 20}
d R_={xe R: x < 0}. The letter C is used to denote a generic positive

mstant.
, PRELIMINARIES

. . * .
Starting from k we form a sequence of functions k" : n e E{+}. We in-

(D ™ 4 k. Thus,

€ LI(H() and ﬁRkn*(x)dx = 1 for all n. Following FELLER [8, Sections

wrpret kl* as k, and define for n N, k
1%

2, V.41, we call x a point of increase of k if ﬁ[k(y)dy > 0 for every
ven interval I containing x, and we define z o= U:=1 zn’ where zn denotes
1e set formed by the points of increase of ™. We say that k is concen-

rated on a set I if GR\I k(x)dx = 0. The following result will be used

weral times.




2.1. If k s concentrated on R, (R_), then there exists an a 2 0
that ) contains the interval [a,») ((-=,-al). If k is not concentr|

ther R, or R_, then ] = R.

, For an arbitrary real number b > 0 we define £(x) := min{k(x),b}

2eL (R) n L](]R) and, furthermore,

x
kz*(x) > Kz*(x) > f L(x-y)L(y)dy =: L(x).
0
1im that L(x) is uniformly continuous. Indeed, IL(xl)—L(xz)I szlx
ilﬂ(y)—ZXI_xz(y)ldy, where Kx(y) := £L(y-x), and the translation ma

from R into Ll(ﬁi) is uniformly continuous, see [13, Section 1.
Suppose GR+ k(x)dx > 0. Then L cannot be identically zero on R4_ a
, there exist X, > 0 and § > 0 such that kz*(x) > L(x) > 0 for
<l,x]+6). From this we deduce that k4*(x) = (kz* *kz*)(x) > 0 for

Zx],2x1+26) and, by induction, kzn*(x) > 0 for x € (nxl,nx +nd), n

1
ifficiently large n(n>§ 1xl), successive intervals become overlapp

zonsequently, z contains an interval [a,~) for some a = 0. A simil
ant shows that if GR k(x)dx > 0, then 2 contains an interval (—«,-

ome a = 0.

Suppose now that both GR+k(x)dx > 0 and k(x)dx > 0. Let x, € R

R 0
rary. For sufficiently large y we know that there exist positive i
5 m and n such that kn*(x) > 0 for x in a neighborhood of ix, + y

(P * oy

) > 0 for x in a neighborhood of ix, - y. Consequently,

0

in a neighborhood of x, and x, € Y. O

0

The next lemma contains some basic information concerning nontrivi

ions of (1.1).

2.2. Any nontrivial solution u of (1.1) is uniformly continuous,

tly positive, and such that inf{u(x): x ¢ R} = 0.

. Let u be a nontrivial solution of (1.1). The uniform continuity
lows from the continuity of translation in Ll(Ii) (cf. the proof o

2.1).




PN

Next, we observe that gou(x) = u(x)‘for all x € R, so u(x) = uxk(x)
nd, upon iteration, u(x) = u*kn*(x) for n e Ih_. Hence, if u(xo)_= 0 for
me X € R, then u*kn*(xo) = 0 for n ¢ N, , which implies u(x) = 0 for
11 x such that Xg = X € z. On account of Lemma 2.1 this implies that
(x) = 0 for all x ¢« R if k is not concentrated on either R, or R_. If,
1 the other hand, k is concentrated on a half-axis, Ig_ say, then Lemma
.1 implies that u(x) = 0 for all x ¢ (—W,xo—a] for some a € R, and, con-
:quently, u(x) = 0 for all x ¢ R, since the equation (1.1) has to be
atisfied. In all cases we thus arrive at the conclusion that u(x) = 0 for
l1 x € R, contrary to the assumption that u is nontrivial.

Let o := inf{u(x): x € R} and suppose o > 0. Then gou(x) = min{g(y):
<y < p}. Since g is continuous, there exists a B ¢ [o,p] such that
(8) = min{g(y): o <y < p}. So u(x) = (geu)*k(x) > g(B) = a + (g(B)-n)

o + (g(B)-B) = o + e, where ¢ := g(B) - B > 0. Hence, inf{u(x):x ¢ R}
o + €, which is in contradiction with the definition of a. We conclude

1at a = 0. [

. THE FIRST NON-EXISTENCE RESULT

In this section we give a non-existence result which can be proved by

.ementary arguments. Let L be defined by

g(x)
X

be1) L := 1lim sup

x40
'te that L > 1; L may be infinite. If g is differentiable at the origin
th derivative value g'(0), then L = g'(0).

1

MMA 3.1. Suppose g is monotone nondecreasing on [0,pl. If 5R+k(x)dx > L,

en any nontrivial solution u of (1.1) Zs such that lim infx_;oo u(x) > 0.

O0F. We prove the lemma only for the upper sign. Let u be a nontrivial

lution of (1.1) and suppose that lim infx+ u(x) = 0. Choose a monoton-

400
ally decreasing sequence {yn: n e E{F} such that v, ¢ 0 and g(yn)/yn -+ L

n > «, Define X for n = ngs n0+1,.,a, where 0 is such that u(0) > Yoo

x = sup{x ¢ R, _: u(y) 2 y, for all y e [0,x]}. Then u(xn) =y, and




© as n + ©, Furthermore, as g is monotone nondecreasing,

X X
n

n
u(xn) > [ gou(xn—y)k(y)dy > gou(xn) [ k(y)dy,
0 0
x
(yn)/yn)fon k(y)dy < 1 for all n. Letting n -~ «» we obtain the inequal-
43 k(y)dy < 1, a contradiction. We conclude that

+
af u(x) > 0. [

R->00

The following theorem is an immediate consequence of Lemmas 2.2 and

iM 3.2. Suppose g is monotone nondecreasing on [0,pl. If GR k(x)dx
+

and ﬁRﬁk(x)dx > L_l, then there is no nontrivial solution of (1.1).

. Let u be a nontrivial solution of (1.1). Then either 1lim infx_H_oo u(x)
t 1lim infx+_Oo u(x) = 0, by Lemma 2.2. However, from Lemma 3.1 we infer

lim inf u(x) > 0 and lim inf u(x) > 0, and we arrive at a
X+ X

adiction. We conclude that there is no nontrivial solution of (1.1).

== CO

< 3.3. Up to this point we have not made use of the hypothesis that
[k(x)dx < =, so all foregoing results remain valid if this hypothesis

tually violated.
JTHER NON~EXISTENCE RESULT

[n the present section we establish a non-existence result whose proof

ther involved. It is based on various reformulations of (1.1) as an

>geneous linear convolution equation. First we rewrite (1.1) in the

u(x) = uxk(x) = ¢(x) xe R,

¢ (x) = (gou-u)*k(x).




e function ¢ is nonnegative on R and we will exploit this fact in the
vestigation of solutions of (4.1), cf. ESSEN [7].

Let m denote the first moment of the kernel k,

.3) m = f xk (x)dx.
R

e first theorem requires barely more than a reference to the literature.
EOREM 4.1. If m = 0 then there is no nontrivial solution of (1.1).

OOF. It is known that the condition m # 0 is necessary and sufficient for
e existence of a bounded continuous function u such that u(x) - uxk(x) = 0,

th strict inequality in some point, cf. [7, Theorem 3.1]1. [J

Having established this non-existence result for m = 0, we may hence-

rth assume m # O.

Let
f k(y)dy x 20,
4) n(x) =19 z
—J k(y)dy x < 0.
L—oo

te that n(x) = H(x) - {iak(y)dy and, consequently, n' = 8 - k in the sense
distributions (here H denotes the Heaviside step function and § the Dirac
stribution). The condition GR |x]k(x)dx < ~ implies that n € LI(I{) with
"1 = ﬂR |x|k(x)dx, cf. [8, Section V.6.]. The Fourier transform @ of n,
ich is a continuous function, is related to the Fourier transform K of k

a the identity A(}) = (1-k(1\))/(i)\) for A # 0, while A(0) = m. If m # O,

en 1()) # 0 for all » ¢ R.

MMA 4.2. Suppose m > 0. If u Zs8 any nontrivial solution of (1.1), then
m u(x) and 1imx+m u(x) exist and u(-») = 0, u(x) = p.

P Sl

OOF. Let u be a nontrivial solution of (1.1). Then u satisfies (4.1) with

given by (4.2). We integrate both members of (4.1) from a to x,




| ~¥— 8

X
J u(g)de - J
a

changing the order of the integrals in the

X
u(g-n)k(n)dndg = J ¢
a

{ee]

rts we obtain the identity
T

n is defined by (4.4). Hence, u satisfies

l;—-S

x (o]
u(g-n)k(n)dndg = { u(g)dg - J
a Z

(]

X
u*n(x) - u*n(a) = J o (g)dg x € R
a

u 1s bounded and n € Ll(ﬂi), u*n 1s bound

11 x ¢« R, so the integral fx $(£)dg, besi

onically on x. It follows that 11m f )

, that 1lim u*n(x) exists. In fact,

u*n() = u*n(a) + J ¢ (g)dE.
a

1 belongs to the Wiener class W (i.e., n €
and u is bounded and uniformly continuous
>f Wiener's fundamental Tauberian theorem,
Section V.10], that lim___ u(x) exists and

K>

u(e) = m_1<u*n(a) + J ¢(x)dx>.
a
arly, one shows that limx_>_oo u(x) exists a
a
u(-») = m_]<u*n(a) - J ¢(x)dx>.
ple argument shows that both u(x) and u(-
= g(y), so {u(®),u(-~)} < {0,p}. Since u
nclude that u(-) = 0 and u(») = p. [

and 1

x) 1is
unded,

and h

{A e T
from

ction

by

e scal

26

{oe]

ds

ting

£)de,

ative

from




IMARK 4.3. The case m < 0 can be reduced to the case m > 0 by a change of

iriable 1 x b =X.

The next step towards a non-existence result for m # O consists of an
1alysis of the rate of convergence of a nontrivial solution towards its
miting value 0 as x + -», The following lemma is needed in the proof of

cmma 4.5.

MMA 4.4, Let f: R > R be nonnegative, f e LI(BK). Define f(o)(x) = £(x)
id, recursively, f(k)(x) i= {i3 f(k—l)(y)dy for those values of k e N,
r which gD € LI(R;), Then, for any r ¢ R,

r r

[ (r—x)kf(x)dx = k! J f(k)(x)dx,

. the sense that if one side converges so does the other.

O0F. The identity given in the lemma follows upon induction from the
entity

r r
J (r—x)kf(x)dx =k f (r—x)k—]f(l)(x)dx,

-0 oo

. omit the proof of the latter. identity, as it is similar to the proof of

qma ! in [8, Section V.6]. [J

Let £ be defined by

.6) £ := lim inf 8%
x+0 x
te that 1 < £ <L, cf. (3.1); £ may be infinite. If g is differentiable
the origin with derivative value g'(0), then £ = L = g'(0).

MMA 4.5. Let u be a nontrivial solution of (1.1) such that 1imx_>_oo u(x) =
0. If £ > 1, then there exists a § > 0 such that the integral

' e_xxu(x)dx converges for A e Sé, where S, := {X € €: 0 < ReX < §}.

0

8




. It suffices to prove the convergence of the integral {i’e—kxu(x)dx

ome r < » and A real, 0 < A < §.

Take a € (1,£) and let c be such that {i:k(x)dx = (a+1)/(20). Define
function kC on R by putting kc(x) = k(x) if |x| € c, kc(x) = 0 if
c. If u is a nontrivial solution of (1.1), then u(x) = (gou)*kc(x) +

x) for all x ¢ R, with wl(x) o= (gou)*(k—kc)(x) > 0. We rewrite the

r identity in the form

a

u@) - 2w xk 0 = Ehue v e xR,

Ve 1= oo [h () + ¥y, with ¥, (x) := (geu-ow) sk (x). Let

2 f k_(y)dy x > 0,
X
nc(x) = 9
X
- iﬁl-f k (y)dy  x <0
a+1 c :

supp(nc) c [-c,c]. We integrate both members of (4.7) from x to some

. Thus,

r r « r r
f u(e)de - 2% J;J u(e-n)k_(n)dndg = 1 f u(g)de j V(E)deE.
X X —® X b'e

changing the order of the integrals in the second term and integrating

rts we obtain the identity

r r
u*nc(r) - u*nc(X) = g—;—i— J u(g)de + f y(g)de,
X X

4.5). Because 1imX

u(x) = 0, there exists x ¢ R such that
- w00 o

) = au(x) for all x € (—W,xa] and, hence, wz(x) > 0 for all
-©,x,~c]. The same is then true of Y(x) and we conclude, as in the

of Lemma 4.2, that 1imx_>_oo é: u(£)dg and lim - gfw(g)dg exist.

x>
ng x tend to -» we obtain the identity
r r

[ u(x)dx = %;% {u*nc(r) - J w(x)dx] .

=00 00




fE r is chosen such that r < x, ~ ¢ it follows that

r

[ u(x)dx < %;% max{u(x): x € [r-c,r+c]} I Inc(x)]dx.
R

-—00

:xt, we put u(o)(x) = u(x) and define u(k)(x) = u(k_l)(g)dg, x e R

>r those values of k ¢ N, for which the integral exists. The functionms
;
(k) are defined similarly. Integration of (4.7) from -~ to x yields an

(1) (1)

juation for u similar to (4.7), with ¢y replaced by ¥ , from which o

>duces the relation

r r

(1)

u *nc(r) - u(l) o=l

*nc(x) = ———-[ u(l)(g)dg + { w(l)(a)di,

+1
X X

Q

. (4.8). The integrability of u on (-»,r) and the continuity of u imply

1e boundedness of u(l) on (-»,r+c]. As before, it follows that
me+_m 4: u(l)(é)di and 1imx+_oo w(l)(g)dg exist,

T T

f o oax = 2 [uDun () - J w(l)(x)dx]

id, therefore,

r

[ u(l)(x)dx < %;%-max{u(l)(x): X € [r-c,r+c]} f In (x)]dx.
: c
- R
mtinuing in this manner we obtain the sequence of inequalities,
r

J u(k)(X)dX < %;%-max{u(k)(x): x € [r=c,r+c]} [ |nc(x)|dx,

oo R
(k)

r k € I{F. Now, for each k ¢ Eﬂ_, u is a monotonically increasing

mction, so
max{u(k)(x): X € [r-c,r+c]} = u(k)(r+c)

T
< J u(k—l)(x)dx + cu(k_l)(r+c)

0O

< S-Iu(k—l)(r+c),




11

§ := [(&+1)(a—1)—1 GR lnc(x)!dx+c]—1. Hence, by induction,

max{u(k)(x): x € [r-c,r+c]} < 6—kmax{u(x): X € [r-c,r+c]}:£p6—k.

there exists a positive constant C such that
T
J u(k)(x)dx < CS—k k e N, .
we apply Lemma 4.4 to the function u and conclude that each of the
rals Lz) (r—x)ku(x)dx converges. Moreover,
T

-k

1 J (r—x)ku(x)dx < C§ .

k!

result, in turn, implies the convergence of the infinite sum

w~l.k r k . r A(r-x)
(k:) A S (r-x) u(x)dx and therefore of the integral I e

—CO

u(x)dx,
ast for A < 8. O

4.6. Let u be a nontrivial solution of (1.1). If the integral
_xxu(x)dx converges in the strip S(S (cf. Lemma 4.5) then so does the
ral 7 e i (x)dx. |

. It suffices to prove the convergence of the integral [j;e_xxk(x)dx
real, 0 < A < &.
Since u 1s a nontrivial solution of (1.1) we have uxk(x) < u(x) for
e R, so Ez)e—kxu*k(x)dx < [i;e_xxu(x)dx < o for any X € (0,8). On
ther hand, fi)enxxu*k(x)dx = ([i)e—xxk(x)dx)(tz)e_xxu(x)dx), in the
that if the integral on the left hand side exists then so do the in-
1s on the right hand side. Hence, ﬂi}e_xxk(x)dx exists for X ¢ (0,8)

atisfies the inequality [j;e-kxk(x)dx < 1 there. [J

We remark that Lemmas 4.5 and 4.6 together imply that, if £ > 1 then
essary condition for the existence of nontrivial solutions of (1.1)

o =\ .
at /e Xk(x)dx converges in SG for some § > 0.

The above results lead us to define a real number Ak’




4.9) Ak i= sup{k e R: [ e_xxk(x)dx < w}
R

nd to associate with each nontrivial solution u

4.10) Au : sup{k e R: J e—lxu(x)dx < W} .
R .

t follows from Lemma 4.6 that Au < A Furthermo

K

K(A) := k(-i))

J e—AXk(x)dx,

R
U(x) := G(-i)) = J e_AXu(x)dx,
R

henever the defining integrals converge. It is a

aplace transform theory that if Au > 0 then U is
g s {X € €: 0 < ReX < Au}, cf. [17, Section VI.

s a consequence of the positivity of u(x).

EMMA 4.7. If u s a nontrivial solution of (1.1)

(\) Zs singular at \ = Au.
ROOF. Cf. [17, Section II.5]. [
At this point we make two further hypotheses

and k:

Hz) the function g is differentiable at 0 with
g(x) = g'(0)x + 0(X1+€) as x + 0 for some ¢

Hk) the kernel k is exponentially small at -,
such that e_xxk(x) is bounded for X ¢ (0,6)

nder these additional hypotheses we can prove th

EMMA 4.8. Let u be a nontrivial solution of (1.
f o< Au < Ak’ then 1 - g'(O)K(Au) = 0.

ROOF. We rewrite (1.1) as a linear inhomogeneous

1) a number Au thu

ard result from

tic in the strip

e following result

< A < », then
u

rning the function

tive value g'(0) a

there exists a § >

owing result.

h limX_>_m u(x) =0

ral equation,




u(x) - g'(0)uxk(x) = r(x) xe R,
r(x) := (gou-g'(0)u)*k(x). A two-sided Laplace

ion
) (1-g' (0)K(M))U(A) = R(A),

is valid for all X € SAu. In fact, the right ab
lies to the right of Aué This caEAZe shown in th
se of the hypothesis (Hk), u(x)e = (gou)*k(x)
ntegral is bounded for Re) sufficiently small, s
zero (x>0). Hence, using the hypothesis (Hz) we

sufficiently small (v>0),

J e FVIE (o oug T (0)u) #k (x) dx

oo

o

K(A+v) [

=00

e—(x+v)x

| (gou-g' (0)u) (x) |

oo

C K(O*v) f e My (x) (e- VOV ()

-—00

IA

-(v/e)x

IA

C RK(A+v)U(X) (suple u(x): x €

result shows that the abscissa of convergence of
. Consequently, R(\) is analytic in the neighbor
is singular at A = A (Lemma 4.7) we conclude fr

u
"(0)RK(A) = 0 at X = Au' O
The preceding lemmas lead to the following non-e

EM 4.9. Suppose m > 0, g'(0) > 1 and 1 - g"(0)K(

0,\. ). If there exists a X < Ak such that ﬁzae-x

there 1s no nontrivial solution of (1.1).

13

orm yields the

of convergence

owing manner.

C Lpgou(y)e Vdy
R .

(x) < Cx for x

for ) € (O,Au)

s to the right
f A=A . Since
u

11) that

.ce theorem.

I for all
x> (@O,




00F. Suppose (1.1) has a nontrivial solution u. Then 1imx+_oo u(x) = 0 by

ymma 4.2, and Au > 0 by Lemma 4.5 and the definition (4.10) of Au. For
iy o € (1,g'(0)) there exists an x, such that gou(x) = au(x) for all
< X - Take any ¢ > 0. Then u(x) = o [i: u(x-y)k(y)dy whenever x < x, - ¢

id, consequently,

[ee]

AX J e‘X(X‘Y)

u(x)e T 2 a u(x-y)e Tk (y)dy

-C

v real A. Now, lim inf u(x)e_x
X>—00

X =0 for any A e [O,Au), so if we take
monotonically decreasing sequence {yn: n e Eh_} such that Y, v+ 0 as n > o,

id define X for n = 05,0 +1,..., where n

0 0

is such that u(0) > yno, by
3= inf{x ¢ R_: u(y)e—>\y 2y, for all y ¢ [x,0]}, then

=y, and x —~» -» ags n » », Now [-c,0] c [xn,O] for n sufficiently

n
-2 (Xn-y) >

irge, so u(xn-y)e Y, for all y € [=-c,0] and

a J e—x(Xn“Y)u(xn—y)e—xyk(y)dy
-c
0

> a J e_x(Xn_Y)u(xn-y)e—xyk(y)dy

-C

AXp

[\

v, = u(xn)e

0
2 ay_ J e_xyk(y)dy.

-C

us, we obtain the inequality

0
.12) o J e MVi(yydy < 1,

-c
ich is valid for any A € [O,Au). If Au were strictly less than Ak’ then
e function A » 1 - g'(0)K()A) would have a zero at Au by Lemma 4.8, i.e.,
side the interval [0,A ), contrary to the hypothesis of the theorem.

nce, Au = Ak and the inequality (4.12) holds for all A «¢ [O,Ak). Since

and c were chosen arbitrarily subject to the constraints 1 < a < g'(0) and
> 0 we conclude that the assumption of the existence of a nontrivial solu-
on of (1.1) leads to the validity of the inequality g'(O){gae_Ayk(y)dy <1
v all A € [O,Ak). This proves the theorem. []
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If Ak = o, oroif_iik) -+ o for A + Ak’ then there certainly exists a
X such that /e k(x)dx > (g'(O))_l. If, on the other hand, K(})
aches a finite limit as A + Ak’ then Theorem 4.9 is not necessarily
cable. In that case, one can conclude from a Tauberian theorem for
ce transforms, cf. [17, Section V.4], that the function
Db u(x)e-)\X belongs to L](I{) for X = Ak. This implies that, under the
hesis that kX: X b k(}()e—>\X is bounded for A = Ak, uy is bounded for
X Then one can repeat t?i analysis of the present section, starting
the identiy uk(x) = GR e y(gou)(y)kx(x—y)dy for A = Ak’ to obtain

—existence result. We do not elaborate this idea any further.

K 4.10. The condition that k has a finite first absolute moment
|k(x)dx < «) has been used only once, in Lemma 4.2, to prove that any
‘ivial solution of (1.1) has limits as x - * ©. The proofs of Lemmas
hrough 4.8 and Theorem 4.9 proceeded without an explicit reference to
condition. It remains an open question whether, if k does not have a
e first absolute moment, there exist nontrivial solutions of (1.1)

. do not have limits as x - * =,
[E INHOMOGENEOUS EQUATION

As the greater part of the proofs in the foregoing section were based
lequalities, rather than equalities, the same or similar arguments can

sed in the analysis of the inhomogeneous equation
u(x) = (geu)*k(x)+£(x) x e R.

ict, let f satisfy the following hypothesis:

f: R - R is uniformly continuous, nonnegative and not equal to the

zero function.
1en have the following result.
EM 5.1. Suppose g(x) = p for x = p. The same hypotheses on g and k

1 lead to the non—existence results of Theorem 4.1 and Theorem 4.9

mtee that any bounded nonnegative solution u of (5.1) necessarily




[S)Y

1tisfies the inequality u(x) 2 p for all x € R,

R00F. Let u satisfy (5.1). We introduce the function w by the definition

(x) := min{u(x),p}, x € R. Then gou(x) = w(x) for all x ¢ R, so u(x) >
zou)*k(x) = wxk(x). But w(x) < p for all x ¢ R, so wxk(x) < p GR k(x)dx=p.
>mbining these two results we see that w satisfies the inequality

xk(x) < min{u(x),p} = w(x) for all x ¢ R. Under the hypotheses of Theorem
.1, this inequality leads to the conclusion that w is constant, w(x) = c

ay. The case 0 < ¢ < p is excluded, because then u(x) = ¢ and (5.1) cannot

> satisfied. Hence, w(x) = p and u(x) 2 p for all x ¢ R. Under the hypoth-
ses of Theorem 4.9 it follows that w(-«) := lim w(x) and w(x) :=

imx+m w(x) exist and are such that w(«)-w(-«) ng :nd {w(-=) ,w(=)}

{0,p}, cf. Lemma 4.2. One shows as in Lemma 2.2 that w(x) > 0 for all

€ R, and that either w(x) = p for all x ¢ R or inf{w(x): x ¢ R} = 0.

: follows that either w(x) = p for all x ¢ R or w(-~) = 0. In the latter
1se, the chain of arguments leading from Lemma 4.4 to Theorem 4.9 can be
:peated mutatis mutandis. Under the conditions of Theorem 4.9 the assump-
ion that there exists a nontrivial w such that 1imx_>_oo w(x) = 0 leads to
contradiction, so necessarily w(x) = p, i.e., u(x) =2 p, for all x e R. [J

IMARK 5.2. A close examination of the proof of Theorem 5.1 shows that the
»ndition (Hf) can be weakened ‘somewhat if there exists a monotonically
»ndecreasing function 8y on [0,p] such that g(x) = go(x) > x for all

e [0,p]. In fact, let f: R -+ R be such that f(x) = fo(x) for all x ¢ R,
1ere fO: R - R satisfies (Hf). Suppose u is a solution of (5.1). Comsider

1e equation
3.2) v(x) = (goov)*k(x) + fo(x) xe R.

1e minimal solution of (5.2) can be constructed via the method of succes-
lve iterations, v{® (x) := £, , v ) (goov(n_l))*k(x) + £ ()
1ehh_). Any of these iterates is majorized by the solution u of (5.1). The
»notonicity of g0 implies that the sequence {V(n)(X): n e Rﬂ_} is monoton-—
:ally nondecreasing for each x ¢ R, so the sequence converges to a limit

mction, v say, which satisfies the equation (5.2) and the inequality
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< u(x) for all x ¢ R . Suppose now that the function 8 is such that
ounded nonnegative solution v of (5.2) necessarily satisfies the in-
ity v(x) 2 p for all x, according to the theorem, then the solution u

.1) must also satisfy the inequality u(x) = p for all x ¢ R.
YMPTOTIC BEHAVIOR AND UNIQUENESS CRITERIA

The key assumption leading to the non-existence result of Theorem 4.9
at the function A b+ 1 - g'(0)K()) does not vanish in the interval

). In the present section we will drop this aésumption, i.e., we assume
the function A+ 1 - g"(0)K()) has a real positive zero. The non-
ivity of k implies that K is a convex function on [0,A ), so

- g"(0)K(A) has at most two real positive zeros. Let ¢ denote the

est positive zero; we assume that it is simple.

In Section 4 we established various conditions which guarantee that
ontrivial solution of (1.1) has the property that limx_>_oo u(x) = 0.

so analyzed the rate of convergence of u(x) to its limiting value 0
rms of the Laplace transform of u. Our first objective in the present
on is to establish conditions which guarantee that any nontrivial

ion of (1.1) has the much stronger property that u(x) ~ e as x > —.
11 then use this knowledge of the asymptotic behavior to establish a
eness result for the nontrivial solutions of (1.1).
The following lemma is a modified version of Ikehara's Theorem and

be needed in the proof of Theorem 6.2.

_6.1. If the real-valued function ¢ is nonnegative and nownincreasing
Lo and there exists a T > 0 such that the integral £()) = QTe_xx¢(x)dx
rges for Re\ > -1, and 1if, furthermore, for some constant A and some

Zom gz R - R,

lim [f(x+iy) - A(T+X+iy)_1] = g(y),
xX¥-T
rmly on compact subsets of R, then

lim d(x)e ™ = A.

pixatd




00F. Analogous to the proof of Ikehara's Theorem, see e.g. [17, Section
171, 0O

IEOREM 6.2. Suppose m > 0, g'(0) > 1 and g(x) < g'(0)x for x ¢ [0,p]. If
s a monotone nondecreasing nontrivial solution of (1.1), then there

sists a positive constant A such that 1imx+_oo u(x)e 7% = A.

{00F. Let u be a monotone nondecreasing nontrivial solution of (1.1). It
Ez;%s from Lemma 4.5 and the definition (4.10) of Au that U()A) is defined
T A€ [O,Au) for some Au > 0. Moreover, [1 - g'(0)K(A\)JU(A) = R(A), cf.
to11). The continuity of g, together with the properties g(0) = 0, g'(0) > 1,
id g(0) = p, imply that the inequality < in the condition g(x) < g'(0)x for
€ [0,p] in the statement of the theorem, is a strict inequality,

x) < g'(0)x, at least on some subinterval of [0,p]. Hence, gou(x) <
(0)u(x) on a set of positive measure on R and, consequently, the func-

.on R: A b GR e—xx(gou—g'(O)u)*k(x)dx does not vanish at A = o. Thus,

R(A) ___R(0) 1

N e O B O T C I

te function R is regular in a neighborhood of the line Re)A = o. The zeros
 the function A > 1 - g'(0)K()), which lie in a vertical strip left-—
ljacent to the line Re) = ¢ lie, in fact, in a rectangle according to the
mma of Riemann-Lebesgue [15, Section 1.8]. The analyticity of K then
iplies that there are only finitely many inside this rectangle. Hence, if

: choose the width of the strip sufficiently small, then there are no

‘her zeros of X » 1 - g'(0)K(X) in this strip, besides the real zero X = o,
d we can apply Lemma 6.1 (with the obvious modifications) to obtain the

‘atement of the theorem. [J

The use of an Ikehara-type lemma makes the proof of the asymptotic
‘havior rather simple, but has the disadvantage that the conclusion holds
ly for monotone solutions. Our next objective is to give an alternate
'0of of the asymptotic behavior, under slightly different assumptions on

without presupposing that the solution be monotone.




19

EM 6.3. Suppose m > 0, g'(0) > 1, and g(x) < g (O)x for x € [0,p].
> 0 be such that g(x) = g'(O)x-FO(X1+€), cf. (Hg)@ Suppose that

< o for some §& > 0, and that there exists a B ¢ (0,0(1+e)) such that

g"(0)K(B) < 1, and

k(x)e—(B/(1+e))x s bounded.

78 a nontrivial solution of (1.1), then there exists a positive con—

A such that lim u(x)e”Ox = A,
X0

. In this proof we use for any given function ¢: R + R the symbol ¢A
note the mapping x & ¢(x)e—kx, x ¢ R. Let u be a nontrivial solution

.1). We know that u € L (E{) and k e L_(R). Hence,

B/(1+ ) B/ (1+¢)

€5<x) < g (O)UB/(1+ ) 6/(1+ )(x) < C, or, in other words,

< Ce“(B/(HE))X

for all x ¢ R. We rewrite (1.1) as an inhomogeneous

r convoluticn equation,
u(x) = g"(0)urk(x) + r(x) x e R,

r(x) := (gou-g'(0)u)*k(x). There exists a positive constant C such

-Bx

02 rx) =2 - Cu]+€*k(x)2i— Ce for all x ¢ R. Multiplying both

of (6.1) with e—BX we obtain

uB(x) = g'(O)uB*kB(x) + rB(x) X € ]ia‘

unction r, is nonpositive and bounded. Consider the iterative scheme
x) =1 (x)g V( )(x) = g" (0)v (n= 1)*k (x) +r (x), ne N, . For each
e sequence {v( )(x) ne N, } is monotone non1ncreas1ng Moreover,

x) > inf{r (x): x ¢ R} (1+a+a2+...+a ), where o = g"(0)K(B) < 1. So

tn)

function, v say, which satisfies the equation v(x) = g'(O)v*kB(x)

equence {v tne E{*} being bounded and monotone, converges to a

x) for all x € R. The same equation is satisfied by the function ugs
6.2). Since v is nonpositive and ug is positive, the difference ug - v
t the zero function. Let the function w be defined by

:= u_(x) - v(x). Then w satisfies the homogeneous linear convolution

ion




).3) w(x) = g"(0)wrk(x) x e R,

id the estimates 0 < w(x) < C(1+eBX) for all x ¢ R. We claim that this
plies that w(x) = Ae%® for some A > 0.

In order to support this claim we first collect some information con-
'rning the roots of the characteristic equation g'(0)K(\) = 1 in the strip
, = {A € €: 0 < ReX < B}. In this strip, o is the only real root; all other
jots occur in complex conjugate pairs. The nonnegativity of k implies that
te real part of any root other than o is strictly less than o. As in the

'0of of Theorem 6.2 it follows that there are only finitely many roots in

)

The function w, being a solution of (6.3) which satisfies the estimates
X . . . . . .
< w(x) < C(1+eB ), is a linear combination of exponential functions, pos-—
bly multiplied by polynomial functions, where the exponents are found as

le roots of the characteristic equation in S_, cf. [15, Section 11.2].

3
't is in this step that the assumption K(-6)8< © is used.) Next, observe
at any contribution from a pair of complex conjugate roots (with real
rts less than o) leads to an oscillatory behavior of w which is asymp-
tically dominant over 7 as x > —o, Hence, if there were a contribution
» w from any complex conjugate pair of roots of the characteristic equation
. the strip SBB w(x) would certainly become negative for some x sufficient-—
- large negative, which is impossible because w(x) is nonnegative, as we
ve seen. The conclusion is, therefore, that the only nonzero coefficient
. the finite expansion for w is the one corresponding to o. In other words,
X) = Ae™® for some A > 0, as claimed.

Finally, u(x) = w(x) + v(x)eBX and so 1imx_>_OO u(x)e—cx =

m w(x)e—UX = A, []
Xr—c0

Our final results concern the uniqueness of nontrivial solutions of
.1). We observe that the homogeneous equation (l1.1) is invariant under
anslation, so uniqueness is to be understood in the sense of uniquéness

dulo translation.

EOREM 6.4. Suppose that the conditions of Theorem 6.3 are satisfied and
at, in addition, g is such that |g(x)-g(y)| < g'(0)|x-y| for all pairs
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[0,p]. Then there is at most one nontrivial solution (modulo transla-

of (1.1).

* . . . .
. Let u, and u, be two nontrivial solutions of (1.1). There exist

1 2
ive constants C and C such that 1imx+_w uT(x)e oxX - C* and
u

-0x
e 2(x)e

o= UT(X—T) for all x ¢ R, where T = o—lﬂn(c*/c). Then u, is also a
* =, Thus, if we consider

= C, according to Theorem 6.3. Define u, by putting

ivial solution of (1.1) and 1imx_>_°° ul(x)e_0
unction v defined by v(x) := (ul—uz)(x)e"gX for all x ¢ R, then v is

nuous on R, lim

oo v(x) =: v(¢») exist, and v(-») = v(*) = 0. Also,

:= sup{lv(x)|: x € R}, then z = v(xo) for some x, ¢ R. Now,

= (u]—uz)(x)e_cx = (goul—gouz)*k(x)e_ox, so sinceothe Lipschitz con-
of g on [0,p] is at most equal to g'(0) we have the inequality

| < g'(O)Ivl*kO(x), where ko(x) i= k(x)e_cx, which is wvalid for all

. From this point on, the arguments parallel some of the arguments
in the proof of Lemma 2.2, cf. also FELLER [8, Section XI.2]. Upon

tion we obtain the estimate
n*
v | < (8" O]k (x) xR,

ny n € N_. Now, the expression in the right member of this inequality
most equal to z(g'(O))-n ﬁR kg* (x)dx which, in turn, is equal to

0) GR kg(x)dx)n = z(g’(O)K(O))n = 7z, Hence, at x = X the inequality
must be an equality, Iv(xo)l = (g'(O))n[vl*kg*(xo) for all n e N, .
his is only possible if V(xo—y) = v(xo) for all y € Z. (We recall that

[ee]

n=1 Zn, Zn being the set consisting of the points of increase of k™)
llows that v(x) = V(XO) for all x e R if k is not concentrated on
rR_or R_, cf. Leimma 2.1. If k is concentrated on R, , say, then it

ws that v(x) = v(xo) for all x € (-~,x.—a] for some a eZR+, but as

0
isfies the inequality (6.4) one may conclude again that v(x) = v(xo)
1l x € R. Hence, v is a constant function on R . Since its limiting
s at +» are zero, it follows that v is the zero function, i.e.,

= uz(x) for all x e R. [

The proof of the following uniqueness theorem is analogous to the




‘oof of Theorem 6.4,

[EOREM 6.5. Suppose that the conditions of Theorem 6.2 are satisfied and
at, in addition, g 18 such that |g(x)-g(y)| < g'(0)|x~y| for all pairs
y € [0,p]. Then there is at most one monotone nondecreasing nontrivial

"lution (modulo translation) of(1l.1).

'MARK 6.6. If g is monotone nondecreasing and sublinear (i.e., g(ax) =
1(x) for o € [0,1], x € [0,p]), then the Lipschitz constant of g on [0,p]
; at most g'(0). The former properties were used by one of the authors in
'] to prove a uniqueness result. The fact that one can use the less re-

:rictive condition involving the Lipschitz constant was observed by

RBOUR [3] for a function g which was explicitly given by an expression

" the form g(x) = a(l-e_x).

'MARK 6.7. We observe that a combination of the existence result for
motone solutions (cf. [6], [16]) and the uniqueness result of Theorem 6.4
vads, in a very indirect way, to the conclusion that monotone functions
lead to monotone nontrivial solutions of (1.1) only. It would be of in-

:rest to have a direct proof of this fact.
APPLICATION TO A DETERMINISTIC MODEL FROM MATHEMATICAL EPIDEMIOLOGY

The spatio—temporal development of an epidemic among a closed popula-
.on, with habitat Hfl, can be described by an integral equation of the

'Tm

0

. 1) u(t,x) = J H(t) J gou(t-1,y)V(x~-y)dydt

0 R"
» < £ < ®, X € Egl, cf. [6]. Here u is a measure for the density of
tsceptible individuals. The equation is based on various assumptions, the

)st important being

) the members of the population can be categorized as either suscept-
ible to or infected by the disease;

.i) the infectivity of an infected individual as a function of time
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elapsed since exposure and position relative to the individual's

own position is given by H: R, ~ R and V: R" -~ R , respectively;
) the disease induces permanent immunity, so an individual can pass

from the class of susceptibles to the class of infectives, but not

vice versa.

Both H and V are nonnegative, and normalized to have integral one. The
nption that the habitat R" is homogeneous and isotropic is reflected
1e fact that V is a radial function. The nonlinearity of the equation

5 about through the function g which has the form g(x) = a(l-e-X). The
neter o has a threshold value 1, cf. [1], [6]; here, we restrict our
ition to the more interesting case o > 1. In the so-called traveling
1e) wave problem one looks for solutions of (7.1) of the form

g) = w(xev+ct), where v is a fixed unit vector. If one chooses a

s in R® such that v = (1,0,...,0), then the function w must satisfy

following convolution equation on the line,
) w(x) = (gew)*V _(x) x e R,

e V_(x) := f0°° H(1)V(x-ct)dT, X ¢ R, with %(x]) o=
2,..,,xn)dxz...dxn, X, € R. If ¢ = 0 the function Vc is
etric. One can then apply Theorem 4.1, from which it follows that (7.1)

1 V(xl,x

not admit any standing wave solution. Next, we consider the case c # 0.
use of the symmetry of V we can restrict our attention to the case

0.

As ¢ increases, the mass of VC shifts to the right. This can be seen
nspecting the qualitative behavior of the characteristic function Lc’
ciated with the linearized equation, as a function of the wave velocity

y definition,

L () = g'(0) [ eV _(y)dy

£

-\cT

H(t)dT J e_kyv(y)dy.

g'(0) J e
R R
+




|
|
|

. honnegativity of H and V'implies that, for c¢ fixed, LC is a convex func-
on of A (AeR) and, for ) fixed (A>0), it is a monotonically decreasing
nction of c. Furthermore, LC(O) = g"(0) = o > 1., Hence, the number
- := inf{c > 0: there exists A > 0 such that LC(X) = 1} is well-defined if
and V satisfy the appropriate hypotheses [6].

Various authors have given constructive proofs for the existence of
Y cf. [2]1, [4],

1, [16]. From the results of our investigation it follows that there

onotone) nontrivial solution of (7.2) in the case ¢ >

ists exactly one such solution (modulo translation) at each speed c > o2
least if VA: X b V(x)enAX is bounded for the value of ) specified in
eorem 6.4. (If, for instance, V has compact support then this condition

certainly fulfilled.) A similar conclusion has been reached at by
RBOUR [3] who used probabilistic arguments.

Furthermore, it follows from the results of our investigation that no
aveling waves exist with speed c < % The same result has been obtained
r the special case H(t) = ae "t (a,u nonnegative constants) by ATKINSON
d REUTER [2] and by ARONSON [1], and for a discrete time model in popula-
on genetics by WEINBERGER [16]. Both Aronson and Weinberger based their
oofs on the construction of a subsolution. This approach made it actually
ssible for them to conclude that o is the asymptotic speed of propagation

disturbances from a rest state of the associated initial value problem
ee also MOLLISON [121). '

In our opinion, the main advantage of the approach presented in this
per is that the same chain of purely analytical arguments leads to the

nexistence, as well as the uniqueness results.
KNOWLEDGMENT

Part of this investigation was carried out while the second author

s on foreign assignment to the Mathematisch Centrum, Amsterdam (Neth.).

w

final draft of this paper was written while the first author was visit-

uy

the Applied Mathematics Division at Argonne National Laboratory. Both
thors wish to thank their respective host institutions for their hospital-

y and financial support.




25

N, D.G., The asymptotic speed of propagation of a simple epidemic,
to appear in: Nonlinear Diffusion, W.E. Fitzgibbon & H.F. Walker,

eds., Research Notes in Mathematics, Pitman Publishing Co., 1977.

ON, C. & G.E.H. REUTER, Deterministic epidemic waves, Math. Proc.
Camb. Phil. Soc. 80 (1976) 315-330.

R, A.D., The uniqueness of Atkinson and Reuter's epidemic waves,
Math. Proc. Camb. Phil. Soc. 82 (1977) 127-130.

K.J. & J. CARR, Deterministic epidemic waves of critical veloc-
ity, Math. Proc. Camb. Phil. Soc. 81 (1977) 431-435.

NN, 0., Limiting behaviour in an epidemic model, Nonlinear

Analysis, Theory, Methods & Applications 1 (1977) 459-470.

NN, 0., Thresholds and travelling waves for the geographical
spread of infection, Mathematical Centre Report TW 166, Amster-—
dam, 1977.

M., Studies on a convolution inequality, Ark. Mat. 5 (1963)
113-152.

s We, An Introduction to Probability Theory and Its Applications,
Vol. II, Wiley, New York, 1966. ‘

s S., On the renewal equation, Pacific J. Math. 5 (1955)
229-257.

L, D.G., Mathematical models of the spread of infection, in:
Mathematics and Computer Science in Biology and Medicine, Medical

Research Council, London, 1965, 213-224.

K, W.0. & A.G. McKENDRICK, 4 contribution to the mathematical
theory of epidemics, Proc. Roy. Soc. A 115 (1927) 700-721.

ON, D., The rate of spatial propagation of simple epidemics,
in: Proc. Sixth Berkeley Symposium on Mathematical Statistics
and Probability, Vol. III, L.M. le Cam, J. Neyman & E.L. Scott,
eds., Univ., of California Press, Berkeley, 1972, 579-614.




3] RUDIN, W., Fourier Analysis on Groups,
4] RUDIN, W., Functional Analysis, McGraw-

5] TITCHMARSCH, E.C., Introduction to the
Clarendon Press, Oxford, 1937.

6] WEINBERGER, H.F., Asymptotic behavior c
to appear in: Indiana University

J. Chadam, ed., Springer Lecture

7] WIDDER, D.V., The Laplace Transform, Ut

science, New York,
New York, 1973.

J of Fourier Integ:

odel in population tes,
ar in Applied Math S,
ity Press, Princet: 46.




